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Abstract – We introduce a new way of quantifying the degrees of incompatibility of two ob-
servables in a probabilistic physical theory and, based on this, a global measure of the degree of
incompatibility inherent in such theories, across all observable pairs. This opens up a novel and
flexible way of comparing probabilistic theories with respect to the nonclassical feature of incom-
patibility, raising many interesting questions, some of which will be answered here. We show that
quantum theory contains observables that are as incompatible as any probabilistic physical theory
can have if arbitrary pairs of observables are considered. If one adopts a more refined measure of
the degree of incompatibility, for instance, by restricting the comparison to binary observables, it
turns out that there are probabilistic theories whose inherent degree of incompatibility is greater
than that of quantum mechanics.
To be published in: Europhysics Letters (2013).
Quantum theory has a number of important features
not known in classical physics, ranging from the super-
position and indeterminacy principles formulated by the
pioneers to the more recently discovered no-cloning and
no-broadcasting theorems. It is an old problem to iden-
tify operationally significant properties of quantum the-
ory that distinguish it from other probabilistic theories.
In recent years many features have been under intensive
investigation from this perspective, including information
processing [1], optimal state discrimination [2], entropy
[3], purification [4] and discord [5]. It has been found
that some properties are quite generally valid in any non-
classical (no-signaling) probabilistic theories while others
are specifically quantum.
The existence of pairs of incompatible observables
marks one of the most striking distinctions between quan-
tum theory and classical physical theories. There are
many manifestations of incompatibility, perhaps the most
famous being the Heisenberg uncertainty principle [6].
However, there are many nonclassical probabilistic the-
ories which also possess incompatible observables, and it
will be of interest to compare quantum theory with alter-
native theories with respect to the feature of incompati-
bility.
To this end, we define the joint measurability region of
any given pair of observables in a probabilistic theory. The
joint measurability region describes the amount of added
noise needed to make the observables jointly measurable.
The global joint measurability feature of a probabilistic
theory can then be characterized as the intersection of all
the joint measurability regions associated with the theory.
We demonstrate that quantum theory contains observ-
ables that are as incompatible as observables in any prob-
abilistic theory can be. Hence, we can say that, in a global
sense, quantum theory has as great a degree of incompati-
bility as any other probabilistic theory. But if only binary
observables are considered, the degree of incompatibility
inherent in quantum theory is limited and we give an ex-
ample of a probabilistic theory that contains maximally
incompatible binary observables.
Our aim is thus to compare the incompatibility of pairs
of observables in different probabilistic physical theories.
We first need to set some minimal constraints.
A probabilistic theory is a framework that provides a
description of physical systems in terms of states and
observables with the following general properties:
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(i) The states of a system are represented by the
elements of a convex subset of a real vector space.
(ii) An observable is represented as an affine mapping
from the set of states into the set of probability distribu-
tions on some outcome space. For simplicity, we restrict
ourselves here to observables with a finite or countable
number of outcomes.
(iii) Any affine mapping from the set of states into the
set of probability distributions is a valid observable.
We consider a particular probabilistic theory (PT) as
given by a family of convex sets of states with associated
sets of observables that share some properties specific to
that PT. One may think of each pair consisting of a set of
states with associated set of observables as an instance of
a PT representing a particular type of physical system.
Given a PT, we denote by M(j|%) the probability of
obtaining a measurement outcome j when an observable
M is measured in a state %. Hence, 0 ≤ M(j|%) ≤ 1 and∑
jM(j|%) = 1. We will typically label the measurement
outcomes by integers.
In quantum theory the states are described by den-
sity operators and observables correspond to POVMs [7].
Their duality is given by the trace formula (with % a den-
sity operator and M a POVM)
M(j|%) = tr [%M(j)] . (1)
Another example of a probabilistic theory is a classi-
cal theory, where the states are probability measures on
a phase space Ω and observables are traditionally repre-
sented as functions m : Ω→ R; the associated affine maps
from states % to probability distributions are then given
by the formula
M(j|%) = %({x ∈ m−1(j)}) . (2)
Continuing our discussion on general probabilistic the-
ories, we note that it follows from the required properties
(i)-(iii) that the set of observables is a convex set; a mix-
ture of two observables is an observable. Physically mixing
corresponds to an experiment where we switch between
two measurement apparatuses with a random probability.
We can directly write a mixture of two observables with
the same set of measurement outcomes. If the sets of mea-
surement outcomes differ, we can still write a mixture by
first adding enough outcomes and then embedding both
sets into Z.
Another consequence of the basic requirements is that
every constant mapping % 7→ p, where p is a fixed proba-
bility distribution, is an observable and we call it a trivial
observable. A trivial observable T corresponds to a dice
rolling experiment, where we randomly pick the measure-
ment outcome according to a given fixed probability dis-
tribution, without manipulating the state at all. In quan-
tum theory, trivial observables are described by POVMs
T such that each operator T(j) is a multiple of the iden-
tity operator, i.e., T(j) = tjI for some 0 ≤ tj ≤ 1 with∑
j tj = 1.
The concept of joint measurement can be defined in any
probabilistic theory. Two observables M1 and M2 are
jointly measurable if there exists an observable M such
that∑
k
M(j, k|%) =M1(j|%) ,
∑
j
M(j, k|%) =M2(k|%) . (3)
In this case M is called a joint observable of M1 and M2.
If M1 and M2 are not jointly measurable, then we say
that they are incompatible.
Any probabilistic theory contains jointly measurable
pairs of observables. Namely, a trivial observable % 7→ p
is jointly measurable with any other observable; we can
write a joint observable
M(j, k|%) =M1(j|%)p(k) (4)
for the trivial observable and any other observable M1.
This simply corresponds to an experiment where we mea-
sure M1 and simultaneously roll a dice. It is a well
known fact that, in quantum theory, an observable which
is jointly measurable with all other observables is neces-
sarily a trivial observable. Indeed, any POVM element
of such an observable commutes with all projections and
must therefore be a scalar multiple of the identity (e.g. [8,
Theorem IV.1.3.1]).
The following simple observation is a key ingredient for
our discussion.
Proposition 1. Let M1 and M2 be two observables and
0 ≤ λ ≤ 1. Then λM1 + (1− λ)T1 and (1− λ)M2 + λT2
are jointly measurable for any choice of trivial observables
T1 and T2.
This proposition can be proved with the following con-
struction. First, let p1 and p2 be the probability distribu-
tions related to T1 and T2. We define an observable M by
formula
M(j, k|%) = λp2(k) M1(j|%) + (1− λ)p1(j) M2(k|%) . (5)
For a fixed %, the right hand side is clearly a probability
distribution. Moreover, the right hand side is an affine
mapping on %; thereforeM is an observable. The marginal
observables are∑
k
M(j, k|%) = λM1(j|%) + (1− λ)p1(j),∑
j
M(j, k|%) = (1− λ)M2(k|%) + λp2(k).
This proves Prop. 1.
The physical idea behind this construction is the fol-
lowing. In each measurement run we flip a coin and, de-
pending on the result, we measure either M1 or M2 in the
p-2
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Fig. 1: (Color online) The region J(Mx,My) for two orthogonal
spin- 1
2
measurements is a quadrant of the unit disk. The region
4 (light) is a subset of J(M1,M2) for any pair M1,M2, while
the surplus region (dark) depends on the specific pair under
consideration.
input state %. In this way we get a measurement outcome
for either M1 or M2. In addition to this, we roll a dice
and pretend that this is a measurement outcome for the
other observable. In this way we get an outcome for both
observables simultaneously. The overall observable is the
one given in formula (5).
For two observables M1 and M2, we denote by
J(M1,M2) the set of all points (λ, µ) ∈ [0, 1] × [0, 1]
for which there exist trivial observables T1,T2 such that
λM1 + (1−λ)T1 and µM2 + (1−µ)T2 are jointly measur-
able, and we call J(M1,M2) the joint measurability region
of M1 and M2. The joint measurability region thus char-
acterizes how much noise (in terms of trivial observables)
we need to add to obtain jointly measurable approxima-
tions of M1 and M2. Clearly, M1 and M2 are jointly
measurable if and only if (1, 1) ∈ J(M1,M2).
The joint measurability region J(M1,M2) is a convex
region which can be plotted in the plane. To see this,
let (λ′, µ′) ∈ J(M1,M2) and (λ′′, µ′′) ∈ J(M1,M2), then
we have to show that (λ, µ) ∈ J(M1,M2) for (λ, µ) =
t(λ′, µ′)+(1−t)(λ′′, µ′′). Thus letM′1 = λ′M1+(1−λ′)T′1
and M′2 = µ
′M′2 + (1 − µ′)T′2 be jointly measurable, and
similarly forM′′1 = λ
′′M1+(1−λ′′)T′′1 andM′′2 = µ′′M′2+
(1 − µ′′)T′′2 , with suitable choices of trivial observables.
Then the observables tM′1+(1−t)M′′1 and tM′2+(1−t)M′′2
are jointly measurable [9, Prop. 2].
Note that according to Prop. 1 the line
{
(λ, (1 − λ)) :
0 ≤ λ ≤ 1} ⊆ J(M1,M2). Moreover, it is trivially
the case that (0, 0) ∈ J(M1,M2). The convexity of
J(M1,M2) then entails that the convex hull of the three
points (1, 0), (0, 1) and (0, 0) is in J(M1,M2), hence we
have:
4 ≡ {(λ, µ) ∈ [0, 1]× [0, 1] : λ+ µ ≤ 1} ⊆ J(M1,M2) .
As an example, suppose that we are within quantum
theory and M1 and M2 correspond to spin-
1
2 measure-
ments in two orthogonal directions, say x and y -axes. We
then describe them with two POVMs Mx and My, where
Mx(±1) = 12 (I ± σx) , My(±1) = 12 (I ± σy) , (6)
and σx, σy are the usual Pauli matrices in C2. It has been
shown in [10] that for the uniformly distributed trivial
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Fig. 2: (Color online) The region 4 (light) is a subset of the
joint measurability region JPT (colored) for any probabilistic
theory. The larger the surplus region (dark) is, the more jointly
measurable the theory globally is. If (a) and (b) are joint
measurability regions for two different probabilistic theories,
then we can conclude that (b) represents a greater degree of
incompatibility than (a).
observable ±1 7→ 12I (hence describing an unbiased coin),
the two observables λMx+(1−λ) 121 and µMy +(1−µ) 121
are jointly measurable if and only if λ2 + µ2 ≤ 1. It is
also known [9, Prop. 3] that this inequality is a necessary
condition for the joint measurability of any pair λMx +
(1−λ)T1 and µMy+(1−µ)T2, where T1,T2 are arbitrary
trivial observables. Therefore, we conclude that
J(Mx,My) = {(λ, µ) ∈ [0, 1]× [0, 1] : λ2 + µ2 ≤ 1} . (7)
This region is depicted in Fig. 1.
In addition to describing the incompatibility of pairs
of observables, the concept of a joint measurability region
also provides a means to compare the degrees of incompat-
ibility inherent in entire theories. A global joint measura-
bility feature of a probabilistic theory PT is characterized
by the intersection of all the sets J(M1,M2) across all
instances of PT, and we denote
JPT ={(λ, µ) ∈ [0, 1]× [0, 1] : (λ, µ) ∈ J(M1,M2)
for all pairs of observables M1 and M2
in all instances of PT}.
We call JPT the joint measurability region for PT . We
always have4 ⊆ JPT , but JPT can be larger than4. The
larger the surplus region is, the more jointly measurable
the theory is globally; see Fig. 2. If (λ, µ) /∈ JPT , this
means that there is a pair of observables M1 and M2 such
that the mixtures λM1 + (1− λ)T1 and µM2 + (1− µ)T2
are incompatible with any choice of trivial observables T1
and T2.
Since JPT can be defined in any probabilistic theory, we
can compare the joint measurability regions for different
theories. We obviously have JPT = [0, 1] × [0, 1] in any
probabilistic theory where all measurements are jointly
measurable, such as the classical probability theory. In
the case of the greatest degree of incompatibility we would
have JPT = 4. We will next show that quantum theory
incorporates, globally, as much incompatibility between
pairs of observables as a probabilistic theory can do.
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Theorem 1. In quantum theory JQT = 4. In particular,
JQT ⊆ JPT for any probabilistic theory PT.
In quantum theory every observable M corresponds to
a unique POVM M by equation (1). We will prove that
for any pair (λ, µ) /∈ 4, there are quantum observables
M1 and M2 such that the mixtures λM1 + (1 − λ)T1 and
µM2+(1−µ)T2 are incompatible with any choice of trivial
observables T1,T2. Our proof is based on a recent result
[11] on the joint measurability region for two complemen-
tary observables, which is a generalization of the result
illustrated in Fig. 1.
Proof of Theorem 1. We have earlier seen that 4 ⊆ JPT ,
so we need to show that JQT ⊆ 4. Let (λ, µ) /∈ 4, i.e.,
λ + µ > 1. Fix  > 0 such that λ + µ > 1 + . We then
choose d to be a positive integer satisfying
√
d− 1
d− 1 ≤  . (8)
(This can be done since the left hand side → 0 when d→
∞.) We will consider a quantum system that is described
by a d-dimensional Hilbert space Hd. Let {ϕj}d−1j=0 be an
orthonormal basis for Hd. We define another orthonormal
basis {ψk}d−1k=0 for Hd by
ψk = 1/
√
d
∑
j
e−2pii
jk
d ϕj . (9)
The orthonormal bases {ϕj}d−1j=0 and {ψk}d−1k=0 are mutu-
ally unbiased, i.e., |〈ϕj |ψk 〉| = constant. We define two
POVMs M1 and M2 by
M1(j) = |ϕj〉〈ϕj | , M2(k) = |ψk〉〈ψk| . (10)
We thus obtain a pair of d-outcome observables on Hd.
Since M1 and M2 consist of projections and M1(j)M2(k) 6=
M2(k)M1(j), it follows that they are incompatible.
As proved in [11], the observables λ′M1+(1−λ′)T1 and
µ′M2+(1−µ′)T2 are incompatible for any choice of trivial
observables T1,T2 whenever
λ′ + µ′ > 1 +
√
d− 1
d− 1 . (11)
Since
λ+ µ > 1 +  ≥ 1 +
√
d− 1
d− 1 , (12)
we conclude that (λ, µ) /∈ JQT .
Using the ideas of the proof of Theorem 1, we can also
show that the conclusion JQT = 4 can be reached by
using a single pair of incompatible observables if we con-
sider an infinite dimensional system and observables with
a countably infinite number of outcomes.
LetH be an infinite dimensional Hilbert space and write
it as a direct sum of finite d-dimensional Hilbert spacesHd,
H = ⊕∞d=2Hd. In each Hd consider a pair of mutually
unbiased orthonormal bases {ϕdj}d−1j=0 and {ψdk}d−1k=0, where
the latter is obtained from the first one by the formula (9).
We define two POVMs N1 and N2 via
N1(d, j) = |ϕdj 〉〈ϕdj | , N2(d, k) = |ψdk〉〈ψdk| . (13)
These observables act in the infinite dimensional Hilbert
space H and d in (13) is an index labeling the different
outcomes. The outcome space of N1 and N2 is Ω∞ ≡
{(d, j) : d = 2, 3, . . . , j = 0, . . . , d− 1}.
Theorem 2. The observables N1 and N2 defined in (13)
satisfy J(N1,N2) = 4.
Proof of Theorem 2. Let p1 and p2 be two probability dis-
tributions defined on Ω∞. Assume that λ + µ > 1 and
define two observables N1,λ,N2,µ via
N1,λ(d, j) = λ |ϕdj 〉〈ϕdj |+ (1− λ) p1(d, j)I,
N2,µ(d, k) = µ |ψdk〉〈ψdk|+ (1− µ) p2(d, k)I .
(14)
We need to show that N1,λ and N2,µ are incompati-
ble. To prove this, we make the counter assumption that
N1,λ,N2,µ are jointly measurable. This implies that for any
projection P on H, the projected observables PN1,λP and
PN2,µP acting on a subspace PH are jointly measurable.
(If G is a joint observable of two observables M1,M2, then
PGP is a joint observable of PM1P, PM2P in PH.) Espe-
cially, the projections of N1,λ and N2,µ to any subspace Hd
should be jointly measurable. But from the result cited in
the proof of Theorem 1 we know that for d large enough,
the projections to Hd are incompatible. Hence, N1,λ and
N2,µ are incompatible.
We note that the observables N1 and N2 defined in (13)
are not the only pair satisfying J(N1,N2) = 4. Namely,
we can modify N1 and N2 in any chosen subspace Hd but
the conclusion J(N1,N2) = 4 is still true since it depends
on the fact that N1 and N2 contain mutually unbiased
bases in arbitrarily high dimension.
An interesting problem within quantum theory would
be to try to find a characterization of all pairs of quantum
observables M1,M2 that satisfy J(M1,M2) = 4. In par-
ticular, we may ask if maximally incompatible observables
can exist in a finite dimensional Hilbert space, or if they
can have a finite number of outcomes. Since two mutu-
ally unbiased bases are expected to be among the most
incompatible observable pairs in a fixed dimension d, our
construction in the proof of Theorem 1 suggests that the
answer to the first question would be negative. A proof of
this claim is, however, lacking.
As for the second question, we can present a partial
answer by investigating the joint measurability region in
the case of pairs of binary quantum observables. Our aim
is to show that
{(λ, µ) ∈ [0, 1]× [0, 1] : λ2 + µ2 ≤ 1} ⊆ J(M1,M2)
for any binary observables M1 and M2, regardless of the
dimension of the Hilbert space. In other words, we will
p-4
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show that two orthogonal spin observables are as incom-
patible as any binary observables can be.
To this end, let us note that two binary quantum observ-
ables are incompatible if and only if they enable a violation
of the Bell-CHSH inequality [12]. We must therefore look
at the Bell expression
B = |〈M1N1〉+ 〈M1N2〉+ 〈M2N1〉 − 〈M2N2〉| .
Let us denote α = 〈M1N1〉 + 〈M1N2〉 and β = 〈M2N1〉 −
〈M2N2〉. By [13, Theorem 1], there exist unit vectors
x1,x2,y1,y2 ∈ R4 such that 〈MjNk〉 = xj · yk for j, k =
1, 2; and conversely, given any quadruple of unit vectors
there exist a corresponding set of binary observables and a
bipartite state such that this equality holds. In particular,
we have α = x1 ·(y1+y2) and β = x2 ·(y1−y2) so that an
application of the Cauchy-Schwarz inequality along with
the parallelogram law yields
α2 + β2 ≤ ‖x1‖2‖y1 + y2‖2 + ‖x2‖2‖y1 − y2‖2
= 2‖y1‖2 + 2‖y2‖2 = 4.
By choosing the unit vectors appropriately we also see that
any pair (α, β) satisfying this condition can be obtained.
If we now mix the observables Mj with the trivial ob-
servable T(±1) = 12I with some weights λ and µ we see
that the pair (α, β) turns into (λα, µβ), thus changing the
Bell expression from |α+β| to |λα+µβ|. We must there-
fore determine those (λ, µ) for which |λα+µβ| ≤ 2 for all
(α, β) satisfying α2 +β2 ≤ 4 (see Fig. 3). But the bound-
ary curve for this region is obtained when the equations
(α/λ)
2
+ (β/µ)
2
= 4 and α + β = 2 have at most one
common solution. By inserting β = 2 − α into the first
equation the problem reduces to determining when the
discriminant is negative or zero, and one readily verifies
that this is the case exactly when λ2 + µ2 ≤ 1.
In conclusion, given any pair of binary observables M1
and M2, and weights λ and µ with λ
2 + µ2 ≤ 1, the mix-
tures λM1 + (1−λ)T and µM2 + (1−µ)T can not be used
to violate the Bell-CSHS inequality and must therefore be
jointly measurable. We note that in the case µ = λ the
same result using a different technique has been obtained
by Banik et al. [14].
Although Theorem 2 shows that quantum theory con-
tains pairs of observables that are maximally incompat-
ible, the strictly larger joint measurability region when
restricting to binary observables suggests that more fine
grained quantifications of the global degree of incompati-
bility between observables might not rank quantum theory
among the most extreme theories in this respect. The ex-
ample below will show that when restricting to just binary
observables, it is indeed possible for a theory to have the
smallest possible joint measurability region. In that sense
such a theory must be considered to embody a strictly
greater degree of incompatibility than quantum theory.
Consider any probabilistic theory, which contains a
state space isomorphic to a square, by which we mean
the convex hull of four different points s1, s2, s3, s4 in R2
(a) (b)
Fig. 3: In (a) the grey area represents the possible values that
α and β can obtain by varying the observables and the state
in the Bell expression B = |α + β|. The solid lines represent
the Tsirelson bound B = 2√2 and the dashed lines represent
the bound B = 2. By considering only observables which are
mixtures with the uniformly distributed trivial observable with
fixed λ and µ, the area becomes smaller as depicted in (b), and
a suitable choice of weights makes the violation of the Bell-
CHSH inequality impossible.
satisfying s1 + s4 = s2 + s3, for instance s1 = (0, 0), s2 =
(0, 1), s3 = (1, 0) and s4 = (1, 1). We will show that there
is a pair of binary observables which are maximally incom-
patible. Let M1 and M2 be binary observables that pick
out the right and top sides of the square respectively, i.e.
M1(+|s1) =M1(+|s2) = 0,
M1(+|s3) =M1(+|s4) = 1,
M2(+|s1) =M2(+|s3) = 0,
M2(+|s2) =M2(+|s4) = 1.
(15)
Proposition 2. For the binary observables M1 and M2
defined in (15), J(M1,M2) = 4.
Proof. Suppose that there exists a joint observable M for
λM1 + (1− λ)T1 and µM2 + (1− µ)T2 where T1 and T2
are trivial observables. Let p1 and p2 be the probability
distributions associated to T1 and T2 so that we have for
any state ρ
M(+,+|%) +M(+,−|%) = λM1(+|%) + (1− λ)p1(+)
M(−,+|%) +M(−,−|%) = λM1(−|%) + (1− λ)p1(−)
M(+,+|%) +M(−,+|%) = µM2(+|%) + (1− µ)p2(+)
M(−,−|%) +M(+,−|%) = µM2(−|%) + (1− µ)p2(−)
Any M satisfying such marginal properies will be cor-
rectly normalised, but to be a valid observable, all the
components of M must take positive values on the points
si. In particular, we must have
M(+,−|s2) =(1− λ)p1(+)−M(+,+|s2) ≥ 0,
M(−,+|s3) =(1− µ)p2(+)−M(+,+|s3) ≥ 0,
M(−,−|s4) =1 +M(+,+|s4)− λ− (1− λ)p1(+)
− µ− (1− µ)p2(+) ≥ 0.
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Rewriting the last of these inequalities and invoking the
defining property on the si gives
λ+ µ ≤1− (1− λ)p1(+)− (1− µ)p2(+) +M(+,+|s4)
≤− (1− λ)p1(+) +M(+,+|s2)
− (1− µ)p2(+) +M(+,+|s3)
+ 1−M(+,+|s1) ≤ 1,
where the final step comes about from invoking the posi-
tivity of M on s1.
The result of Proposition 2 does not come as a surprise
in light of the fact that the barrier to maximal incom-
patibility of binary quantum observables comes from the
connection with a Bell-CHSH inequality. Indeed, square
shaped state spaces have been used in a model of a proba-
bilistic theory containing the PR boxes which violate such
an inequality to its maximal possible value.
We note that the conclusion of Proposition 2 is not re-
stricted to the square state space. Consider any state
space containing a square whose vertices si are extreme
points of the state space and whose boundary lines lie on
the boundary of the state space; assume further that op-
posite sides of the square are contained in parallel hyper-
planes that do not intersect with the interior of the state
space. These two pairs of hyperplanes define effects whose
values on the si satisfy Eq. (15). It follows that the proof
of Proposition 2 can be adopted in such cases. Examples
are given by state space of the following shapes: pyramid,
double pyramid, cube, cylinder.
The fact that the restriction to just binary observ-
ables allows one to differentiate between probabilistic the-
ories that both contain maximally incompatible observ-
ables suggests that a more fine grained global measure of
the degree of incompatibility is needed if the aim is to
pick out a single theory as the one containing overall the
most incompatible pairs of observables. For instance, for a
given probabilistic theory PT we may define J
(d)
PT to be the
joint measurability region for all possible d-outcome ob-
servables in PT. Since increasing the number of outcomes
of observables by simply adding outcomes that never occur
does not change the properties of incompatibility, we im-
mediately have J
(d+1)
PT ⊆ J (d)PT . By comparing the regions
in different theories for different values of d we obtain a
more fine grained way of comparing the degrees of incom-
patibility within the theories. It may even turn out that
in this sense quantum theory embodies globally the least
amount of incompatibility among the theories containing
maximally incompatible observables. However, this is still
an open question and a topic for future investigations.
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